We study the optimal control of a class of stochastic singularly perturbed linear systems with noisy state measurements under positively and negatively exponentiated quadratic cost the so-called LEQG problem. We identify appropriate "slow" and "fast" subproblems, obtain their optimum solutions (compatible with the corresponding measurement structures), and subsequently study the performances they achieve on the full-order system as the singular perturbation parameter becomes sufficiently small A by-product of this analysis is a more direct derivation (than heretofore available) of the solution to the LEQG problem under noisy state measurements, which allows for a general quadratic cost (with cross terms) in the exponent and correlation between system and measurement noises. Such a general LEQG problem is encountered in the slow-fast decomposition of the full-order problem, even if the original problem does not feature correlated noises. In this general context, the paper also establishes a complete equivalence between the LEQG problem and the H"-optimal control problem with measurement feedback, though this equivalence does not extend to the slow and fast subproblems arrived at after time-scale separation.
Introduction
The problem of optimal control of stochastic linear systems under exponentiated quadratic loss (so called LEQG problem) has been studied extensively in the literature, with new interest arousing on the topic due to the established relationship with the Hm-optimal control of similar systems (but with deterministic disturbances) under quadratic loss. Perhaps the first formulation of the LEQG problem was given in [l], in both discrete and continuous time, and using perfect state measurements, with the motivation being that the exponentiated quadratic cost captures risk seeking or risk averse behavior, not obtainable using the LQG formulation (which is risk neutral). Indeed 
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it was discovered in [I] that the LEQG formulation with a positive exponent is equivalent (as far as the optimal solution goes) to a deterministic zerasum LQ differential game, which we now know ( [2] ) is equivalent to an HOO-optimal control problem, thus completing the link. The counterparts of the results of [l] in the imperfect state measurement case for discrete and continuous time were later obtained in [3] , [4] and [5] , with the relationship with the Hm-optimal control problem established in a series of subsequent publications, such as [6] , [7] , [8] ; see also the book [9] . Similar relat,ionships (between exponentiated cost stochastic control and worst case designs) exist also for nonlinear problems, as established for some subclass of such problems in [lo] . A more recent paper [ll] completely establishes this equivalence in the discrete-time case Our objective in this paper is to study the robustness properties of the optimal solution of the LEQG problem with respect to unmodeled fast dynamics. This study is conducted in the framework of singularlyperturbed models, with a small positive parameter € quantifying the extent of coupling between the slow and fast dynamics. We seek €-independent controllers that provide good (in a sense to be made precise later) approximation to the optimal controller of the fullorder problem in a neighborhood of c = 0.
As mentioned earlier, at the full-order level there is an equivalence between the positively exponentiated subclass and a class of LQ H"-optimal control problems with singularly perturbed dynamics, with this latter class of problems extensively studied recently from the point of view of robustness and model reduction ( [12] , [13] , [14] , [15] ). This equivalence, however, does not readily carry over to the "model-reduction" stage, and as to be seen here the end results in the two cases are considerably different.
The paper is organized as follows. In the next section (Section 2) we formulate the LEQG problem for singularly perturbed systems, and present the s e lution to the full-order problem. In Section 3, we present a clean derivation (under least stringent conditions) of a complete solution to the general LEQG problem under noisy state rneasurements with general cost structure and correlation between system and measurement noises. In Section 4, we study the singularly perturbed stochastic control problem, where we identify the slow and fast subproblems to the fullorder problem, obtain optimal controllers for these subproblems, construct the composite controller from these controllers, and study the optimality of these suboptimal controllers in terms of the attainable performance for the full-order problem. The paper ends with the concluding remarks of Section 5.
Problem Formulation
The system under consideration, with slow and fast dynamics, is described in the "singularly perturbed" form by is the m-dimensional measurement process, with y l of dimension ml and yz of dimension m2 := m -ml, and zero initial conditions; ut is the pdimensional control input, and wt is an r-dimensional vector valued standard Wiener process starting at 0 , which is independent of the initial condition; the small positive scalar E is the singular perturbation parameter. The initial state is taken to be a Gaussian random vector with mean 50 and covariance C O . The underlying probability space is the triplet (Cl, F, P ) .
Associated with this system, we introduce the cost function:
The scalar 0 # 0 is the parameter in terms of which we are going to parametrize the solution.
The control input U is generated by a control policy P I , , according to tion for a precise description of the class of admissible controllers. ) The parameters Q and p are taken to be LY = 1/2 and p = 1/2, which leads to well-defined systems dynamics as E ---+ 0, as shown in [16] .
We seek an optimal controller U' = p;,(t,qo,t]) with respect to J18,(pJ), such that
We first make two basic assumptions:
A1
The matrix CO is partitioned a8 where the 11-block is of dimensions R I x nl. We also define
A2
We now summarize below the solution to the fullorder problem (for each 6 > 0), where we make use of the results derived rigorously in the next section.
For each E > 0, we assume that the pairs ( A , 
Solution to the General LEQG Problem Under Imperfect State Measurements
In this section, we consider the LEQG problem with a general exponentiated quadratic cost structure. We let > 0 be fixed, and suppress it in the system and measurement dynamics, which are simply written as:
The cost function associated with the system (3.1) is taken a generalized version of (2.2):
where R > 0 and Q -P R -' P 2 0 . 
SQ.
In terms of this, introduce two GAREs: it can be shown that 2 is generated by the following dynamics: 
s2,ZW)-% = -R-~(B'Z, + p i l i (3.8)
where f is generated by the filter (3.6), or equivalently, x is generated by filter (3.7). The optimal cost can be written as: 
Model Simplification
We now turn to the original goal of the paper, which is the derivation of suboptimal controllers based on time-scale separation. We first decompose the system into slow and fast subsystems using a standard singular perturbation analysis. The result of this analysis is two suboptimal controllers, p;, and pTC, designed based on the two subsystems and a threshold level, B I s w , below which the slow subsystem admits an optimal solution.
To facilitate our introduction of these two controllers, as well as the threshold level, we introduce the following notation. Let ZJe be the minimal positive definite solution to the GARE: where where 2, := A 1 1 -G 1 E w N 5 1 C o , R For each c > 0 , i f the pairs (AE, B E ) and (A,,G,) are controllable, the pairs ( A E , C,) and ( A E , Q) are observable, and the matrix N , is invertible, then V8 < S;,(E), the optimal cost for the full-order LEQG problem can be written as: 
Proof
We first substitute the optimal controller (2.9) and (2.10) into the full-order system, for any 8 < e;,(<), to obtain a control-free infinite-horizon LEQG problem. Using the results derived in the Section 3, part 1 ) of the Theorem can be proved.
Using earlier results on singularly perturbed Riccati equations [12] 
.i).
The Lyapunov equation (4.11) can be transformed into the standard singularly perturbed form. Thus, its solution can be approximated as in statement 2.iii) using the standard results on singularly perturbed Lyapunov equations. This leads then to part 2.iv) under some algebraic manipulations.
For parts 2.v) and 2.vi), we substitute the composite controller &=# and the slow controller ,uF88 into the full system to arrive at two control-free LEQG problems. For both of these problems, we evaluate the resulting cost by finding approximate solutions t o the corresponding GARE's. Then, the desired the results follows.
For details of these derivations and verifications, see the full version of the paper.
Conclusion
In this paper, we have presented a model reduction technique for the LEQG problem for linear singularly perturbed systems under noisy state measurements.
We have obtained a time-scale decomposition procedure that decomposes the full-order problem into appropriate slow and fast lower-order subproblems, the optimal solutions to which yield slow and fast controllers, respectively. An appropriate combination of these then yields a composite controller, which is shown t o achieve asymptotically the optimal performance level for the full-order system as the singular perturbation parameter + 0. It has also been shown that when the fast subsystem is open loop stable, the slow controller can asymptotically achieve some finite (but not optimal) perforrnance level whenever the full-order problem admits a solution. There is a clear positive gap between the asymptotic performance level a slow controller can achieve and the asymptotic performance level achieved by a full-order optimal controller, and the paper provides a characterization of this performance loss. This indicates that there is a tradeoff between controller simplicity (due t o model reduction) and loss of performance.
To obtain the optimal solution to the slow subsystem arrived at as a result of model reduction, it has turned out that one needs t o develop a theory for the general LEQG problem with general cost structure (with cross terms) and correlation between system and measurement noises. Since the LEQG problem has not been solved in the literature in such a full generality, we have also provided in the paper (Section 3) a clean and complete solution to this problem in both finite and infinite horizons via a different line from that of [5] . This solution is exactly the central solution of the corresponding Hm-optimal control problem, and our line of proof would be useful even for the standard LEQG problem since it relaxes some of the assumptions made in [5] .
One possible nontrivial extension of the results of this paper would be the derivation of higher-order correction terms. T h e composite controller constructed in the paper achieves a performance level that is O( fi) close t o the optimal one. This, however, may not be sufficient in some applications. Hence, high-order correction terms for the composite controller is of some interest. Another extension would be to the multiple time scale problems, so as t o obtain the coun- 
